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Computational Methods for Efficient Structural Reliability and
Reliability Sensitivity Analysis

Y.-T. Wu*
Southwest Research Institute, San Antonio, Texas 78238

This paper proposes an efficient, adaptive importance sampling (AIS) method that can be used to compute
component and system reliability and reliability sensitivities. The AIS approach uses a sampling density that is
proportional to the joint probability density function of the random variables. Starting from an initial approxi-
mate failure domain, sampling proceeds adaptively and incrementally to reach a sampling domain that is slightly
greater than the failure domain to minimize oversampling in the safe region. Several reliability sensitivity coeffi-
cients are proposed that can be computed directly and easily from the previous AIS-based failure points. These
sensitivities can be used to identify key random variables and to adjust a design to achieve reliability-based objec-
tives. The proposed methodology is demonstrated using a turbine blade reliability analysis problem.

Nomenclature
E[.] =expected value
F = cumulative distribution function (CDF)
f = probability density function
g = limit-state function
N = number of simulation samples
N*  =number of failures in a sampling
n = number of random variables
P[.] = probability of

P, py = probability of failure

S = importance sampling region

S,  =mean sensitivity coe.fﬁfzient o )

Ss  =sigma (standard deviation) sensitivity coefficient
u,v = standard normal variable

X = random variable

x = realization of X

z = performance function; response function

z = realization of Z

o;  =direction cosines to the most probable point (MPP)
B = minimum distance, safety index

Y = error bound

A = indicates an incremental amount

0 = statistical distribution parameter (1, ¢)

X; = curvatures at the MPP

u = mean value

c = standard deviation

0] = standard normal CDF

Q = failure region

Superscript

* = most probable point

Introduction
HE analysis and design of advanced, high-performance struc-
tures requires accurate, computer-intensive calculations using
numerical algorithms such as finite element methods. To ensure
high reliability, numerical simulation and reliability testing of
structures are needed. This paper deals with the numerical simula-
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tion issues. A straightforward Monte Carlo method, although very
useful for reliability analysis of simple problems, becomes imprac-
tical for large numerical models because it requires a large number
of random simulations. Thus, in structural reliability and risk as-
sessment, one of the difficulties and challenges is the development
of efficient and accurate reliability and reliability sensitivity calcu-
lation algorithms for analyzing complicated models.

In this paper, the efficient methods developed for a structural risk
assessment software system, Numerical Evaluation of Stochastic
Structures Under Stress (NESSUS), are presented, with a major
portion devoted to a reliability sensitivity analysis methodology
based on a proposed adaptive importance sampling (AIS) method.
NESSUS, which integrates reliability methods with finite element
methods, is a probabilistic analysis tool to simulate stochastic struc-
tures operating under severe loading conditions such as space pro-
pulsion system structures.

Efficient and accurate computational reliability methods for a
single limit-state (or performance function) have been developed
and successfully applied to aerospace propulsion structures.!=3
Computational methods have also been developed for system reli-
ability problems.* Structural reliability sensitivity calculation
methods are well developed for single limit-state problems.’ For
multiple limit states, available reliability sensitivity calculation
methods are primarily based on probability bounds or asymptotic
results (i.e., for B— o) of series and parallel systems.® In addition,
reliability sensitivity measures are typically based on certain ap-
proximation points, e.g., design points, and are valid only in the
first-order approximation sense. In this paper, a method is proposed
to directly and accurately calculate the component and the system
reliability sensitivities based on the AIS-generated sampling points.

Review of Limit-State Reliability Analysis Methods

In structural reliability analysis, a limit-state or failure function
2(X) is defined. The g function is a function of a vector of basic ran-
dom variables, X = (X}, X,,. .., X,)), with g(X) = 0 being the limit-
state surface that separates the variable space into two regions: fail-
ure (g <0) and safe (g > 0). Given the joint probability density func-
tion (PDF) £, (x), the probability of failure is the probability in the
failure domain Q and is given by

pp= o[£ ax M

The preceding multiple integral can be computed using a
straightforward standard Monte Carlo procedure. However, when
the g function is complicated, requiring intensive finite element
analysis, and pyis small, the random sampling procedure becomes
impractical for analysis and design.
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A widely used procedure described later performs reliability and
reliability sensitivity analyses in a coordinate system of an indepen-
dent, standardized normal vector 1.° By transforming g(X) to g(u)
using a proper distribution transformation, the most probable point
(MPP) in the u space u* is a point that defines the minimum dis-
tance B from the origin (u = 0) to the limit-state surface g(u) = 0.
This point, also called design point in the structural reliability liter-
ature, is most probable (in the u space, not necessarily in the X
space) in the sense that it has maximum joint probability density
function (PDF) on g(u) = 0.

Once the MPP is identified and an approximate linear or quadrat-
ic function is developed around the MPP, the probability estimate
can be calculated easily. The sensitivity factors ¢ are the direction-
al cosines of the vector from the origin to the MPP. The sensitivity
factors provide first-order information on the importance of the in-
dividual random variable. Other sensitivity measures with respect
to a distribution parameter (mean or standard deviation) or a limit-
state function parameter can be estimated based on the sensitivity
factors and the distribution transformation.’ Thus, for complicated
g functions, the primary computational effort is typically spent on
locating the MPP and developing the polynomial function.

Advanced Mean-Value-Based Method

Based on the limit-state concept, many reliability analysis algo-
rithms have been developed.!*~"-17 This section summarizes the
advanced mean-value (AMV) based method that has been demon-
strated to be well suited for dealing with complicated, implicitly de-
fined g functions.!

Given a response or performance function Z(X), one of the goals
in probabilistic analysis is to compute its cumulative distribution
function (CDF). For a reliability analysis problem, a limit-state
function is defined for each selected response level z, i.e.,

gX)=2(X)-z=0 @

such that Pfg <0] = P[Z < z].

The AMV method provides an approximate CDF analysis capa-
bility with slightly more calculations than a mean-value, second
moment analysis. In addition, the AMV-based CDF provides infor-
mation on the nonlinearity of the g function to detect potential nu-
merical problems. '’ '

The AMYV analysis starts with a mean-value (MV) model defined
in Eq. (3) and leads to an accurate CDF analysis:

Iy = Z(ny) +i(aa_§,)

i=1

(X;-1y) = ag+ » aX, ()

u, i=1

The derivatives in Eq. (3) can be obtained by numerical differenti-
ation or other sensitivity calculation methods.
The AMYV model is defined as

Zamy =Zyy + H(Zyy) @)

where H(Zy) is defined as the difference between the values of
Zyy and Z calculated at the most probable point locus (MPPL) of
Zyy- The MPPL is defined by connecting all the MPPs for differ-
ent z values. The MPPL of Z,,y is generally a nonlinear curve in
the u space. For a complicated structural analysis, the construction
of Eq. (3) may be time consuming, but its MPPL can be computed
easily.

The computational steps for computing the CDF value are as fol-
lows: 1) Based on Zyp, compute the MPP, x*, for a selected CDF
value. 2) Compute Z(x*) to update z for the selected CDF value.
Given the MV model, the required number of Z function calcula-
tions equals the number of selected CDF values.

The accuracy of the preceding CDF solution depends on the
quality of the MPPL from Zyy, i.e., the solution is good if the ap-
proximate locus is close to the exact one. In general, the AMV so-
lution can be improved by using an improved expansion point,

which can be done typically by an optimization procedure or an it-
eration procedure. Based initially on Eq. (3) and by keeping track
of the MPPL,,? the exact MPP for a limit state Z = z can be computed
to establish the first-order AMV+ model defined as

" e (0Z . .
Zpmvs = Z(x7) +Z(W) (X;—x;) = b0+2biXi =z

i=1 - i=1

®

where x* is the converged MPP for Z = z.

It is important to note that the variables X; are generally non-nor-
mal and dependent; therefore the preceding AMV+ model, which is
linear in the X space, is different from the first-order reliability
method (FORM) model,® which is linear in the u space. An advan-
tage of Eq. (5) is that it provides an initial estimate of the curvature
(about the MPP) in the u space that can be used both for approxi-
mate probability of failure analysis and for the AIS analysis de-
scribed later. Tt is particularly useful when the curvature is
primarily caused by the non-normal to normal transformation,
which has been observed to occur for many engineering application
problems.

Multiple Limit States

For system problems that involve multiple limit states, the pre-
ceding limit-state reliability analysis methods can be applied to all
of the g functions. Accurate system reliability analysis usually re-
quires additional calculation of the joint probabilities. Because of
the complexities involved, approximate and simplified methods
such as the probability bounding approaches and asymptotic results
are commonly used.>® From the literature, the accuracies of these
approximation methods seem to be problem dependent and must be
used with caution.

System reliability sensitivity analyses also are much more diffi-
cult than for a single limit state because there are multiple MPPs.
The sensitivity factors derived from the individual g function can-
not be used to derive the system reliability sensitivities because the
contribution from the individual g function cannot be quantified
easily. This paper proposes using the approximated limit states to
develop importance sampling regions. Both the system reliability
and its sensitivity are computed based on the AIS samples and elim-
inate the computational difficulties presented in the approximate
analytical approach.

Adaptive Importance Sampling

First consider a single limit state. If the true limit-state surface
cannot be well represented by a low-order polynomial, the proba-
bility estimate may be inaccurate. Therefore, it is useful to improve
or check the approximate limit-state surface solution by sampling
in the critical regions based on Z,ypy,. Several importance sam-
pling schemes have been proposed that focus sampling in the prob-
ability-critical regions to increase sampling efficiency.”'* An
adaptive importance sampling (AIS) concept originally developed
for a rotor instability analysis problem has been extended recently
for solving general system reliability problems.*1-16.

The AIS approach has the following features: 1) the sampling
density is proportional to the joint PDF of the random variables, 2)
the initial sampling domain is the failure side of the limit-state sur-
face constructed from an approximate, parabolic surface, 3) addi-
tional samples are added after incrementally changing the
curvatures of the parabolic surface at the most probable point, and
4) the final sampling domain contains, but is only slightly greater
than, the failure domain.

The goal of the preceding AIS approach is to minimize oversam-
pling in the safe region. Ideally, one does not want to perform any
sampling in the safe region. However, the only way to detect the
limit-state surface is by crossing the limit-state surface. To mini-
mize unnecessary sampling, the chosen adaptive surface for AIS
should be flexible enough to represent closely the exact limit-state
surface. Significant efficiency gain relative to the conventional
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Monte Carlo method can be achieved if the sampling is performed
in the regions that are very close to the failure regions.

There are several possibilities in choosing and varying the AIS
limit-state surface. For example, linear, quadratic, and (hyper-)
sphere limit-state surfaces could be used for AIS sampling. A par-
abolic surface offers good performance in efficiency and robustness
and is demonstrated in this paper using a numerical example. The
proposed AIS concept is illustrated in Fig. 1, in which the parabolic
surface is rotationally symmetric about the vector OP that passes
through the origin and the MPP. In general, the sampling domain
can be adjusted by increasing or decreasing the curvatures of the
parabolic surface. By decreasing the curvatures to the extreme
(—e0), the sampling region will cover the entire space. However, if
B is correctly calculated, the region inside the sphere need not be
sampled. Therefore, the AIS bound is a sphere, as illustrated in
Fig. 1. For additional checking, the distance to the MPP can also be
reduced in case the calculated P is in error.

AIS for a Single Limit State
Assume that an initial second-order limit state is available:

g(u) = Vg(u) (u-u*) +12 (u-u") H(u") (u-u") (6)

where Vg(u) is the gradient at the MPP, and H is the Hessian ma-
trix containing second-order partial derivatives. Because the pre-
ceding equation will be used to define an initial sampling domain
for the AIS, only a rough estimate of H is needed. The adopted ap-
proach for this paper is to use the linear g(X) function in Eq. (5)
and transform it to a second-order g() function. Other methods
such as the curve-fitting approach may be used.!’

The transformation procedure to develop a parabolic surface
based on Eq. (6) is well documented.>!® The parabolic surface can
be written as

g=Pp-v,+ zkiv,.z O]

in which v; are independent standardized normal variables, and A,
are related to the main curvatures by the relation x; = 2A;. The pro-
posed AIS procedure uses Eq. (7) to develop the initial adaptive
sampling boundary and generate the samples in the g < 0 domain.
The initial sampling region is S. The probability in.S, denoted as
Ds, can be numerically computed using a second-order reliability
method or a convolution method.*13

To change the limit-state surface for additional sampling, the A;
(i=1, n— 1) are changed to X;. The changes in A; can be made in-
dividually or simultaneously based on a selected probability incre-
ment Ap,.* Define the perturbed limit-state surface as

fu
— Initial surface 2
— Exactg=0 A’ Adjust curvature to
ee=-Fi A.-- V1 cover (g <0) region
Final surface 4. (Addsamples in the
- *~._increased space)
Initial sampling P(MPP) \\
region ———q.» \
i | -
H i bl
i © i U
N /
\ /.
N, v AN
g<0lg>0 ™~ |-~ AIS Bound

Fig. 1 Illustration of the adaptive importance sampling (AIS)
method. -

n-1
g =B-v,+ YA ®)
i=1
where the prime indicates a perturbed condition. The sampling re-
gionisnow §° =S + AS.

Let N, be the initial number of samples determined based on a
specified confidence interval and an error bound. During the sam-
pling process, this number needs to be adjusted based on the calcu-
lated probability of failure in the initial sampling region S. The
number of failure points in S is denoted as Nj. Given X;, the sam-
pling is applied to an increased sampling AS region. A predeter-
mined number of samples AN in the AS region is calculated using
the equation

AN = (p;—p)N, = ApN, ® -

where p/ is the updated probability in the perturbed region §”. By
sampling the original g function, the number of failure points AN*
within AS can be determined, and the updated probability estimate
becomes

. Ny +AN I~
Pi=pP, P =P, TN
f N, +AN

where p is the estimate of the conditional probability of failure in
S, i.e., P[g <0/ S’]. The perturbation procedure is repeated until
no additional failure points are observed after at least one perturba-
tion and the result satisfies a convergence criteria described later.

Required Number of Samples
Assuming that p has a normal distribution, for a (1 - o) confi-
dence interval, the error bound ¥y (in percentage) is

=100. & \(1-¢) [L=P
y=100-0(1-) ! an

where ®(+) is the standard normal distribution function. Equation
(11) can be used to calculate the required samples N given an esti-
mated p. Ideally, we wish to apply AIS to a region very close to
the exact failure region, resulting in p = 1. In practice, however,
the goal of p =1 cannot be achieved because the sampling region
must be greater than the failure region to indicate that the failure
region has been covered sufficiently.

The convergence procedure used in this paper is as follows:

1) Generate samples in the initial sampling domain S. Begin with
a small number of samples (e.g., 10 points) to estimate p. Then in-
crementally increase the samples and update p until the error bound
v is just acceptable for the selected confidence level.

2) Reduce the curvatures such that the increased probability Ap,
is a fraction (e.g., 10%) of the initial probability p,. Sample the g
function only in the incremental region AS.

3) Update the probability estimate using Eq. (10). Stop the anal-
ysis if the probability estimate converges based on Eq. (11). Other-
wise, go back to step 2. i

4) As an option (in case the MPP is in error), slightly reduce the
minimum distance (i.e., shift the parabolic surface toward the ori-
gin) and generate additional samples in AS. If the MPP is correct,
AS will be in the safe region. Stop the analysis if no more failure
points are observed in AS.

AIS for System Reliability

In this paper, a system reliability problem is defined using a fault
tree to provide a convenient and systematic way to manage multiple
failure modes. Each bottom event is defined by an explicitly or im-
plicitly defined function. Sequential failures can be modeled using
a sequence of conditional limit-state functions under a PRIORITY
AND gate structure. A sequence of g functions, corresponding to a
sequence of updated structural configurations with load redistribu-
tion, can be explicitly or implicitly defined in the bottom events.



1720 WU: EFFICIENT STRUCTURAL RELIABILITY

A failure mode can involve one or more limit states. By combin-
ing all of the failure modes, the system limit-state surface can be de-
fined. In other words, the system limit-state surface can be
constructed piece by piece. The AIS procedure for system reliabil-
ity analysis requires the construction of multiple parabolic surfaces.
In principle, it is a straightforward extension of the concept for one
limit state. However, the challenge is to develop an optimal proce-
dure to perturb limit states and generate incremental sampling re-
gions.

The currently implemented approach adds samples progressively
starting from the most important limit state (i.e., with maximum py),
based on the AMV+ models. This approach is relatively simple but
is not effective when the system failure is governed by the joint ef-
fects from several limit states and none of the limit states are dom-
inant. In such cases, the MPP of the individual limit state is not a
likely event for a system failure. A potentially more effective but
more complicated procedure adds samples progressively based on
the failure modes. The initial sampling regions are based on the ap-
proximate bottom events (limit states), and the increased sampling
regions are based on the jointly perturbed bottom events.

Figure 2 illustrates the concept of the aforementioned more ef-
fective AIS procedure for a system with two failure modes that in-
volve three limit states. The probability of failure statement is

Py =P{(5<0)U[(g<0)N(g;<0)]} (12)

AIS-Based Reliability Sensitivity Analysis

Sensitivity with Respect to a Distribution Parameter

When a distribution parameter is changed, the sensitivity of ps
abbreviated as p, with respect to a distribution parameter 8 can be
evaluated from

g_lé - jgj %igdx 13)
Therefore,
wp | .f2 ]?];e £, dx = E[%%L (14)
or
Obvp _ E[%} (15)
3.0 966 lq

where the subscript Q denotes that the expected value is evaluated
using the joint PDF in the failure region. In general, numerical dif-
ferentiation methods can be used to compute the value within E[.].
The probabilistic sensitivities can be computed using those AIS
points in the failure region. No additional g-function calculations
are required.

Based on Eq. (15), two types of probabilistic sensitivity coeffi-
cients are proposed that are particularly useful for probabilistic de-
sign. One is the sigma (standard deviation) sensitivity coefficient
So;, and the other is the mean sensitivity coefficient Sy;. The two
sensitivity coefficients are defined as

op/p

$0i= 357 (16)
op/p

h= aTa an

where W; and o; are the mean and the standard deviation, respec-
tively, of the random variable X;. In Eq. (17), the use of the stan-
dard deviation as a scale factor implies that the allowable design
range of a mean value is limited to a local region characterized by

Increased Sampling
Regions

92 -

Fig. 2 Tllustration of the AIS procedure for system reliability.

the random variable variability. When one or more G; are very
small (e.g., approaching zero) relative to their allowable p; design
ranges, it may be more appropriate to replace o; by the allowable
design ranges in Eq. (17).

Let the reliability be R, which equals 1 — p. It can be easily shown
that

dR/R _ p

306 - RS (18)

which indicates that the sensitivity coefficients based on R are neg-
atively proportional to the sensitivity coefficients based on p. In
this paper, the sensitivity coefficients defined in Eqgs. (16) and (17)
will be called reliability sensitivity coefficients because they relate
to reliability closely.

For some random variables, Eq. (15) can be simplified. For ex-
ample, for independent normal variables, the reliability sensitivity
coefficients become

w52,

i

st [552),

t

Elul-1], (19)

= Eu]l, (20)

The proposed coefficients are dimensionless and can take posi-
tive, negative, or zero values. If desired, they can be normalized
such that the sum of the normalized coefficients becomes one.

When an Sg; is zero or relatively small, it implies that the realiza-
tion of X; can be varied over a wide range without significantly
changing p. This, in turn, implies that Sy,; will be negligible. On the
other hand, when an Sg; is relatively large, the corresponding Sy;
will also tend to be significant. These suggest that Ss; and S,,; are
strongly related and both can be used to identify key contributing
random variables. However, when the allowable p; design ranges
are used to replace ¢; in Eq. (17), the resulting Sy; may not be relat-
ed to S(; i

For a single limit state, the relationship between the sensitivity
factors o and Sy,; of a normal random variable can be approximated
for large u;, using the following relation:

Slli= E[M] zu; (21)

The approximation holds because the sampling PDF is concen-
trated near the MPP for large ;. This leads to

Sui = Poy (22)
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Therefore, for large u;, Sy; is approximately proportional to o;.

The two coefficients are useful for reliability-based design opti-
mization. Assume that a small change in 6, denoted as A0, results
in a small change in p, Ap. From Egs. (16) and (17), the changes can
be approximated by

A,

Ap;=pSo, <~ @3
Ay,

Ap;=pSy— 24

A random variable approaches a deterministic value if ©; is re-
duced to 0, i.e., AG; = —G;. In this case,

Ap;= —pSGi (25)

Assuming the approximation holds even when all of the standard
deviations are reduced to zero, the probability of failure should be
zero, and ZAp; = —p, which results in

isci =1 (26)

i=1

Although the preceding conclusion is based on a hypothetical as-
sumption, Eq. (26) suggests that S5; could be used to rank the im-
portance of the random variable uncertainty (o;). In practice, if any
S5, is significantly greater than one, then it is an indication that the
relationship between p and ©; is strongly nonlinear and the use of
Egs. (23) and (24) must be limited to small changes.

From Egs. (23) and (24), p can be decreased by either changing
the variabilities or by shifting the mean values. Reliability improve-
ments could be achieved by a combination of various design mod-
ifications such as tightening tolerances, using better materials, or
changing geometries. A decision analysis based on the cost, manu-
facturing, and other design considerations may be performed to se-
lect an optimal design. Upon a design change, a reanalysis should
generally be conducted to confirm the improved reliability.

The usefulness of the AIS-based sensitivity analysis approach is
fully realized for system reliability problems in which there are
multiple limit states and therefore multiple MPPs. The sensitivity
calculations using the AIS approach are straightforward and more
accurate relative to analytically combining the sensitivities from the
multiple MPPs.

A special case that is useful in practical applications is when each
failure mode is represented by a limit state and the failure modes are
independent or weakly correlated. In this case, it may be sufficient
to apply the AIS method to each individual failure mode and use the
results for system reliability and reliability sensitivity analysis by
using the probability bounds. For example, from the probability
theory, the unimodal upper bound is

psp, = Zp,- @7

i=1

where p, is the upper bound and p; is the probability of failure for
the jth failure mode. The bimodal bounds,® which are narrower
than the unimodal bounds, may not be practical to use because of
the requirements in computing joint probabilities between every
two failure modes.

When p; (j =1, m) are small and the failure modes are indepen-
dent or weakly correlated, the second- and higher-order joint prob-
abilities between the failure modes will be insignificant relative to
p; (j=1,m) and therefore p = p,. By reducing a o; to zero, the total
probability change is

- A, _ Ac
L e (28)
j=1 i i

where Sg, is the sigma sensitivity coefficient for the jth failure
mode and S, is the sigma sensitivity coefficient for the system.
Therefore,

So,~ 2,355, ~ 29)

j=1

In other words, p;/p are the weighting factors in computing the
system sensitivity coefficients.
Similarly,

m p o
Su= ;fs,{,_ (30)

j=1

When the failure modes are significantly correlated, the upper
bound may not be sufficiently accurate. In such cases, it is more ac-
curate to apply the AIS method to the combined system failure re-
gions to compute system reliability sensitivities.

Sensitivity with Respect to a g-Function Parameter

In reliability-based design, some design parameters can be ad-
justed. These parameters might be deterministic, such as tightly
controlled geometries. To compute reliability sensitivity with re-
spect to such a parameter, one could build on the previous AIS sam-
ples to compute Ap due to a limit-state surface perturbation with
perhaps some extra samples for convergence. An alternative, de-
signed to provide estimates without extra samples, is proposed as
follows.

To use the results developed earlier, one could add an artificial
variability (i.e., standard deviation). The assumed ©; should be
small enough not to produce a dominant Sg;. On the other hand, the
assumed ©; should be large enough so that Sy; could be estimated
with a reasonable number of AIS samples. ' ‘

Based on the assumed o;, the correct probability can be recov-
ered by using Eq. (25), assuming that Ap is reasonably small with
respect to p. Further work is.in progress to determine criteria for se-
lecting a proper standard deviation.

Numerical Example
A numerical example is presented to demonstrate the AIS-based
sensitivity analysis method. The structure is a turbine blade subject
to high temperatures and pressures. Three failure modes are consid-
ered. The fault tree representation of the structural failure is given
in Fig. 3.

FE model used for
Structural Failure all bottom events

Vibration Vibration Stress

Creep
91 =11 ower fl |g2=t- 'upper g3= sllmlt -8 gd=P1-P2

Failure occurs if [g1 < 0 AND g2 <0] OR [g3 < 0] OR [g4 < 0]

Fig.3 Fault tree model for the turbine blade reliability analysis.
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Failure of the structure is defined as follows:

1) The first natural frequency falls within an operating range of
Srower 10 fupper CAUSING an intolerably large vibration response. The
two limit-state functions are

81=S1ower—f and 82 =f_fupper (31
2) The von Mises stress exceeds a limit. The limit-state function
is
83 = Olimit — O (32)
where 0 is the von Mises stress at a highly stressed location. In this
analysis G = 110 ksi.
3) Creep at a specified time to rupture exceeds the Larson-Miller
parameter. The limit-state function is

Table 1 Random variable definitions

Failure

Variable Mean Std. dev Distribution mode
Material orientation

0,, deg 0.05236 0.067544 Normal All
Material orientation

0,, deg —0.03491 0.067544 Normal Al
Material orientation

6,, deg 0.08727 0.067544 Normal All
Elastic modulus E2  18.36E6 0.4595E6 Normal All
Poisson’s ratio v* 0.386 0.00965 Normal All
Shear modulus G* 18.63E6 0.4657E6 Normal All
Creep coef. B, 86.0 0.086 Normal Creep
Density p 0.805E-3 0.493E-5 Normal  Vibration

2At room temperature.

Table 2 AIS system reliability results (< 10% error, 90% confidence)

Number of AIS  Probability of  Total
Case  Structural models system samples failure CPU% h
1 Approx. (AMV+) 85 (73 failures) 0.018 37
2 Finite element 117 (85 failures) 0.022 25

Including the AMV+ solution time using the finite element model. CPU time based on
an HP 720 workstation.
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g4=By+Bilogc +Bylogs? +Bylog® —T(C +logs) (33)

where By, B, B, B3, and C are material coefficients, T is the abso-
lute temperature, and ¢ is the service time. In this analysis, £ =75 h.

The blade has directional material properties. The random vari-
ables include three material orientation angles, elastic modulus,
Poisson’s ratio, shear modulus, a creep material coefficient (B),
and the density. The random variable definitions and the failure
modes to which they contribute are given in Table 1.

The finite element model consists of 1456 three-dimensional el-
ements. The blade is subjected to centrifugal, pressure, and temper-
ature loadings. The material properties are temperature dependent.

The system reliability analyses were carried out using NES-
SUS.1%20 The AIS analyses were based on 90% confidence interval
and 10% error bound. Two cases were compared. Both cases re-
quired the development of the AMV+ models for all of the limit
states using the finite element models. Afterward, the first case ap-
plied AIS to the AMV+ models and the second results applied AIS
to the finite element models. The results shown in Table 2 indicate
that the AMV+ models produced reasonably accurate results with
significantly less computer time.

The system reliability analyses indicated that the g, limit state
has no significant effect on the reliability. To simplify the reliability
sensitivity analysis, g, was rémoved, leaving only three limit states
in the problem. For demonstration purposes, the AMV+ models
(i.e., case 1 in Table 2) were used to validate the AIS-based sensi-
tivity analysis methodology. Table 3, taken from Ref. 19, lists the
coefficients [see Eq. (5)] of the three AMV+ models used in gener-
ating the AIS samples and computing the reliability sensitivities. It
should be noted that, in general, finite element models (e.g., case 2
in Table 2) should be used if the accuracies of the AMV+ models
are questionable.

Based on the AMV+ models defined by the data in Table 3, 85
AIS samples were generated in which 73 samples were in the fail-
ure region. These failure points were used to compute the reliability
sensitivity coefficients for the system and individual failure modes;
results are shown in Table 4.

The 73 failure points were split into three failure modes. There
were three common points between the stress failure mode and the
vibration failure mode, indicating a small correlation with approxi-
mately a joint probability of 0.00074.

Table 3 Limit state definitions at the MPPs

0, Oy Oy E v G By p
Coefficients by by b, by by bs bs b, by
Frequency 0.140E4 —0.287E3 -0.304E3  0.525E2 -0.103E-3 —0.233E4 -0.358E-4 0.0 0.276E7
Stress 0.151E6 -0.368E5 —-0.437E5 0.152E3 -0.124E-2 —0.207E6 -0.187E-2 0.0 0.0
Creep -0.781E5 0.997E3 0.389E4 -~0.591E3 -0.245E-3 -0.119E4 -0.113E-3 0.100E4 0.0

Table 4 AlS-based reliability sensitivity coefficients (numbers in bold indicate the top three coefficients in magnitude)

No. of

Failure mode p B samples  Coef. 0, o, 0, E v G By, P
Vibration 0.00528 2.556 220 u* 0.78 083 -0.144 191 0.90 0.67 — —0.55
: Sy 0.64 1.08 -0.16 1.96 1.45 0.71 — —0.83
Ss 0.18 0.59 0.48 3.14 2.09 0.45 — 0.53

Stress 0.00233 2.829 12b u* 1.57 1.87 -0.01 0.36 1.27 0.55 — —_
Sy 1.58 2.09 0.24 0.36 1.35 0.99 — —

Ss 1.85 416 -0.52 0.23 1.76 1.07 — —

Creep 0.00978 2.334 42 u* -0.50 -1.95 0.29 0.84 0.08 -039 -0.64 —
S " -0.57 -2.33 0.41 0.86 0.19 0.41 —0.65 —

So 0.43 4.63 0.01 0.57 0.34 0.19 0.46 —
System 0.0181 2.0952 73¢ Sy 044 -0.72 0.23 1.08 0.65 0.58 -035 -0.37
So 0.49 3.48 0.07 1.24 0.91 0.44 0.19 0.16

Calculated from B = &7(p). OThree common points in the frequency and stress failure modes. “Total number of AIS samples is 85.
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Table 5 Probability prediction using
sensitivity coefficients

Probabality of failure py

Changes, % Predicted Exact
Acey/cey -5 0.0149 0.0152
-10 0.0118 0.0127

=20 0.0055 0.0090

AU/Gp =5 0.0171 0.0161
-10 0.0161 0.0153

20 0.0142 0.0138

The first three significant random variables are highlighted in
Table 4. The results support the earlier approximation about
S, =u; [Eq.(21)] for large u}.

ecause the correlations between the failure modes are small, we
can verify Eq. (29). For the 6, variable, the predicted S, for the sys-
temis

_ 0.00528
~ 0.0181

0.00233
0.0181

0.00978
0.0181

S (0.59) + (4.16) + (4.63) = 3.21

(34

which is close to the reference value of 3.48 in Table 4.

The sensitivity coefficients can be used to predict probability
changes due to small changes in Y; or 6;. The results of several test
cases based on the most significant variables, Gy and E, are listed in
Table 5. Fairly good agreement between the predicted and the exact
solutions was observed for up to 10% changes in the standard devi-
ations.

Summary

Recent developments in efficient structural reliability analysis
methods were presented. The advanced mean-value-based method
and the adaptive importance sampling method allow the analysis to
focus on critical failure regions. Using an example of a turbine
blade reliability analysis, it has been demonstrated that the AIS
method can be used to compute system reliability and reliability
sensitivities efficiently and accurately. Two reliability sensitivity
coefficients were proposed that can be easily computed using the
AlS-based sampling points. The AIS-based method can be used
to support reliability/risk-based design and decisions and is partic-
ularly suitable for analyzing computer-intensive models.
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